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Abstract

Self-organized periodic vegetation patterns in arid grasslands are thought to originate
from a local positive feedback whereby vegetation density increases infiltration coupled with a
long-distance negative feedback whereby vegetation patches deplete water from surrounding
areas, leaving these bare. Studies show that this patterning could indicate approaching
catastrophic ecosystem collapse. Previous models have described the dynamics of vegetation
coupled with soil and surface water. However, several other positive feedbacks may occur,
including one between vegetation density and local surface temperature. At our field site, it was
observed that surface temperatures are cooler in vegetation patches (~35°C) and hotter in areas of
bare ground (>50°C) due to evapotranspiration. This feedback indicates that the presence of
vegetation further supports plant growth by cooling the surface to a temperature suitable for
vegetation growth and has not been previously modeled or studied for its impact on vegetation
pattern formation. This study analyzes the effect of adding the temperature feedback to the
HilleRisLambers model on vegetation patterning. To do this, we multiplied the vegetation
growth term by a temperature-dependent term P/(h+P) where P represents plant density and h
determines the model’s temperature dependence. We then ran the model at different h values and
levels of rainfall to understand how the dynamics of the model were changed by this
modification.

The simulations run with our modified model indicate a temperature feedback might
affect vegetation patterning. The inclusion of a temperature feedback appears to widen the area
of bistability when vegetation biomass (P.mean) is plotted against rainfall (R). Without the
temperature feedback (h=0), the area of bistability is within the range of R=0.875 and R=0.995.

Including the temperature feedback (h=0.05), this range became from R=0.9375 to R=1.5 and



expanded further as h increased. Our results created new questions about pattern formation
approaching the catastrophic bifurcation switch point and at higher rainfall levels. Literature
suggests that patterning increases as the system approaches desertification. While our model was
able to recreate patterns observed in nature and in previous studies, specifically labyrinth and
fairy rings, at higher values of h (and hence higher temperature dependence of plant growth), we
also observed decreased patterning approaching catastrophic bifurcation, contradicting previous
studies. Additionally, our model produced patterns resembling patterns formed in Belousov-
Zhabotinsky reactions. While this has not been observed in previous studies or in nature, further

exploration into the mathematics behind these results would be interesting.

Introduction

Mathematical modeling has been a useful tool in understanding the behavior of self-
organized vegetation patterning in arid ecosystems. Multiple studies have developed models that
study the positive feedback between infiltration and plant density as a mechanism responsible for
vegetation patterning. While this process has been established as likely the primary driver for
patterning, our study explores the impact of a second additional positive feedback existing in the
system. Building upon previous models, our study includes an additional positive feedback
which correlates cooler local air temperature with greater plant density. This paper will discuss
how we included the temperature feedback in the model and compares its results to previous
studies.
Vegetation Patterning and Mechanisms:

Self-organized vegetation patterning has been observed in arid ecosystem throughout the

world (Rietkerk et al., 2002; Bromley et al., 1997; HilleRisLambers et al. 2001). Patterns



observed in nature are uniform vegetation, gaps (“fairy rings”), stripes (“labyrinth” or “tiger
bush”), spots, and uniform bare soil (Rietkerk et al., 2002; Getzin et al., 2021; Zelnik et al.,
2013). Stipes and gaps have been observed and studied at Chico Basin Ranch, in Southwestern
Colorado. The temperature feedback was observed by Cross et al. (2022) at this site, thus making
this site the inspirational framing for our model.

There have been a range of hypothesized mechanisms responsible for this vegetation
pattern formation, but the most accepted mechanism is a positive feedback between vegetation
density and water infiltration (HilleRisLambers et al. 2001; Klausmeier et al., 1999; Bromley et
al., 1997; Zelnik et al., 2013). This is coupled with long-distance negative feedback whereby
vegetation patches deplete water from surrounding areas through long-range facilitation
dependent on advection and diffusion (Rietkerk et al., 2004). In advection dominate systems,
hillslope causes water to flow over areas of bare ground that are more impermeable and
accumulate in vegetated patches where infiltration rates are heightened. Water is also
redistributed through diffusion, where higher film heights of surface water will flow over to areas
of lower film heights of surface water. In this feedback, patches of vegetation accumulate water
through advection, as bare patches will not absorb precipitation and instead causing it run off and
flow into patches of vegetation. Surface water diffusion also occurs, where vegetation patches
retain surface water at a lower water column due to a greater infiltration rate, attracting water
flow from higher water columns over bare patches. This water accumulates in patches of higher
vegetation density, where the water infiltrates into the soil at a greater rate (HilleRisLambers et
al. 2001). This results in higher levels of soil moisture in vegetated patches, which supports
further vegetation growth in these patches (Klausmeier et al., 1999). The combination of the

short and long range feedbacks has been identified as the primary mechanisms for vegetation



self-organization in arid grasslands, and necessary for pattern formation (HilleRisLambers et al.,
2001; Rietkerk et al., 2004).
Bistability and Early Warning Signs:

The formation of patterning in arid grasslands can be attributed to the presence of local
bistability. The alternation of grass patches and bare patches and the result of the existence of
two stable states in this system. This is the local bistability that is created by positive feedbacks
which supports vegetation growth in areas of dense vegetation and hinders growth in areas of
bare soil (Cross et al., 2022). These stable states perpetuate the existence of each other, as
vegetation thrives in areas of dense vegetation, but vegetation growth in hindered in areas of bare
soil.

This causes a threshold vegetation population at which the population cannot establish
below, called an Allee point (Cross et al., 2022). This is a switch point in the system at which any
population above the point will be able to establish and thrive, where as any population below
this point will be unable to establish and experience desertification. This is the bistability caused
by positive feedback loops which determine the population trajectory in this system (Edelstein-
Keshet, 1998). In systems such as this one, there exist a region of bistability where conditions are
such that stable population and catastrophic population collapse are both possible depending on
the initial population in the system. The values at which the initial population must be above to
sustain a stable population at these conditions are Allee points, and these points make up the
dashed line shown in Figure 1 taken from Rietkerk et al. (2004). This line divides the area of
global bistability, above it the population will be able to establish and below it the population
will crash. This figure also shows where the points of catastrophic bifurcation exist at the end

points of the two solid lines. These points are at the lowest rainfall capable of supporting



population establishment and the highest rainfall at which the population can crash, and together

these points make up the boundaries of the area of bistability.
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Figure 1: This figure taken from Rietkerk et al. (2004) shows how patterning changes with the changes in
population as resource input (rainfall) increase or decreases. The solid lines represent mean equilibrium
densities of consumers functioning as ecosystem engineers. Dotted arrows represent catastrophic shifts

between self-organized patchy and homogeneous states, and vice versa. Dark colors in the insets represent

high density. The range of resource input for which global bistability and hysteresis exists is between these
dotted arrows. Solid arrows represent development of the system toward the coexisting self-organized patchy

state or homogeneous state, depending on initial ecosystem engineer densities. (Rietkerk et al., 2004)

Pattern formation has been identified as a potential early warning sign of approaching
desertification (Kéfi et al., 2014). It has been observed in previous literature that patterning rates

increase as the system approaches catastrophic ecosystem collapse (Rietkerk et al. 2004). As



rainfall level decrease in systems where overland flow is dominated by advection, vegetation
pattern wavelength increases until reaching uniform bare soil and desertification (Rietkerk et al.
2004; Dakos et al. 2011). In systems where overland flow is dominated by diffusion spots appear
and increase in number as rainfall decrease until the system eventually reaches desertification
(Dakos et al. 2011). If patterning is an indicator of approaching ecosystem collapse,
understanding this behavior is essential for predicting the trajectory of these systems with the
changing climatic conditions. Arid grasslands globally are seeing climate trends of decreased
rainfall and hotter temperatures. Understanding how these changes will impact vegetation growth
is important to local economies which rely on the success of grazing livestock.

Modeling Pattern Formation:

Previous studies have developed models to predict the pattern formation behavior as a
consequence of this positive feedback between vegetation biomass and infiltration rate using
partial differential equations (Klausmeier et al., 1999; HilleRisLambers et al. 2001; Rietkerk et
al., 2002; Liu et al. 2022). Our model built upon the model first developed by HilleRisLambers
et al. (2001) and Rietkerk et al. (2002). This model is a set of three partial differential equations,
which describe the dynamics of plant density (P; g m™), soil water (W; mm), and surface water
(O; mm). In the plant density equation, plant growth is dependent on plant density and soil water
content, as a greater density of plants increases infiltration. The infiltration term’s plant density
dependence represents the positive feedback loop and is present in all three equations. This
equation also accounts for plant mortality and dispersal to calculate for plant density. The soil
water is positively dependent on infiltration and negatively dependent on uptake by plants. Both

of these processes are dependent on plant density. Additionally, the soil water equation accounts



for evaporation, drainage, and dispersal. Lastly, the ground water equation has rainfall as the
positive input and infiltration and dispersal as negative terms.

Our model builds on this model by including a second feedback between vegetation
density and air temperature to the system. This is an additional positive feedback found by Cross
et al. (2022) that correlates locally higher Normalized Difference Vegetation Index (NDVI) with
locally cooler temperature, and locally lower NDVI with locally hotter temperatures. This study
found that bare areas were approximately 4.8°C hotter than areas of denser vegetation (Cross et
al., 2022). Importantly, the hotter temperatures measured in bare areas (~48.4°C) were too hot for
vegetation to grow, whereas the cooler temperatures measured in vegetated patches (~43.6°C)
were just below the upper limit of vegetation’s growable temperature range (Cross et al., 2022).
These temperatures were found in patches of vegetation and bare soil located only a few
centimeters apart, indicating this differential is extremely localized (Cross et al., 2022). This
temperature differential is likely due to evapotranspiration (ET) from vegetation cooling local air
temperature (Cross et al., 2022; Dunkerly et al. 2018). Increased infiltration in densely vegetated
areas would increase ET, support plant growth by cooling local air temperature (Dunkerly et al.
2018). Existing conceptual mathematical models have not explored the influence of ET and air
temperature on pattern formation. Our study modifies existing models to include the presence of
a temperature feedback in the system and analyzes how this inclusion changes the dynamics and
pattern formation.

To include the temperature feedback in our model, we created a temperature dependence

term which me multiplied with our growth term in our vegetation biomass equation. We defined
this term as h’ﬁ , where we created a new variable h to determine the influence of temperature on

the system. This term was multiplied to the plant growth term in our plant density equation. This



means that at h=0 and high values of P, the growth rate would be the same as the original model.
When h has value and is not sufficiently smaller than R, the growth rate will be a fraction of the
maximal rate. This represents the hinderance of growth caused by increased temperature present
in areas of bare soil and the supported growth in areas of dense vegetation.

To analyze the effects of the temperature feedback on the system and the vegetation
pattern formation, we ran the model at different values of temperature dependence (h) and
precipitation (R). We also ran the model at differing initial conditions of vegetation biomass to
create a catastrophic bifurcation plot and understand the region of bistability for different values
of h. In this paper, we will compare the results of our model to the results of similar model that
do not include the temperature feedback to understand the effect of this mechanism and how it is
changing the system.

Purpose of this Study:

The goal of this study was to create a model which built upon previous self-organized
vegetation patterning models by including an additional positive feedback loop. Previous studies
have modeled the infiltration and plant density feedback that has been attributed as the primary
mechanism for vegetation patterning. Our model introduces a local temperature and plant density
positive feedback that could be an additional mechanism for patterning. This feedback was
observed at Chico Basin Ranch by Cross et al. (2022) and has not previously been modeled or
studied for its effect of patterning. This temperature feedback could further facilitate patterning
though supported plant growth in areas of dense vegetation due to cooler local air temperature
caused by evapotranspiration. This paper discusses the finding of our model and compares it to
the findings of previous studies and literature that have used similar models that did not include

the temperature feedback.
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Methods
Model Development and Description:
Our model modified the model developed originally by HillesRisLambers et al. (2001), using the
parameters used by Rietkerk et al. (2004) in their adoption of the model. This model was
translated into code in RStudio by Liu et al. (2022). The model uses three partial differential
equations to represent the infiltration feedback and water redistribution. The three equations
describe the dynamics of plant density (P; g m), soil water (W; mm), and surface water (O;

mm). Parameters for the set of equations are defined in Table 1. The original model reads:

apP
EQ1l: — = ¢ X gimax

X ———XP —dXP + DpAP,
ot W+ ky + Or
EQ2: w _ ><0P+k2xw° X X P X W + Dy AW
ST Ptk,  Imax "y g, w wa
£Q3: 20 _p_axoltf2>Wo  h rp
Q3 Gy =R-a P+ k, 0

EQ1 gives the plant density in (g/m?) at a given location. This equation is made up by a

w

plant growth rate term (¢ X g qx X ks

X P), and plant death rate term (d X P), and lastly a

plant dispersal term (DpAP). In the plant growth rate term, (gmqx X %) gives the per capita
1

water uptake. This rate is dependent on the amount of ground water in the system (W), as the

greater W is, the closer this term will be the maximal per captia rate of uptake (gmax). The growth

rate then depends on density of plants in the system (P). The term, (gqx X % X P) gives
1

the uptake of ground water by plants, and this is converted into plant growth by c. The death rate
term is also dependent on plant density, as d gives the per captia death rate of plants. Lastly, the
plant dispersal term is added to represent plant reproduction. This term multiplies plant dispersal

(Dp) by the change in plant density (AP).
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EQ?2 gives the soil water present in the system. This is determined by an infiltration term

Pk, XW, w . .
#XO), a water uptake by plants term (gp,qx X e X P), an evaporation and drainage
2 1

(ax0

term (1, X W), and a soil water dispersal term (Dy,AW). The infiltration term is a function of

P+kyXW,

plant density, where greater plant density increases infiltration by causing the term ( ik
2

) to

approach 1 from Wy at low plant density. This means at high plant densities; the infiltration rate

w

will be near the maximal rate (o). The water uptake by plant term (g0, X .
1

X P) is taken

from EQ1 but is made negative here as plant uptake decrease soil water. The evaporation and
drainage term is also negative, as it represents removal of ground water from the system at the
rate of specific soil water loss due to evaporation and drainage (rw) multiplied by the soil water
content (W). Lastly, the soil water dispersal term is added to the system and is determined by the
product of the diffusion coefficient for soil water (Dw) and the change in soil water content
(AW).

The final equation, EQ3, determines the surface water content. This value is determined

P+k,xWo

by rainfall (R), the infiltration rate (a X O ik
2

), and surface water dispersal (DyAO). In this

equation, precipitation is the positive input to the system and is determined by the variable R.
Subtracted from this is the same infiltration term found in EQ2, representing the flow of surface
water becoming ground water. Lastly, surface water dispersal representing overland flow of
water is determined by the product of diffusion coefficient of surface water (Do) and the change
in surface water (AO)

To build in the additional positive feedback found by Cross et al. (2022), we created a
new temperature dependence term. We defined this as % , where we created a new variable h to

determine the influence of temperature on the system. This new term behaves as a type 11
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functional response that varies between 0 and 1. We included this term in out plant density

equation (EQ1) by multiplying it into our plant growth term in that equation. This means the
original growth rate will be the maximum growth rate and is only achieved when % is equal to

1. This achieved when either h=0 or P is substantially greater than h. This behavior of this term
allowed us to manipulate the dependence of plant growth by varying the value of h. With a larger
h value, a higher plant biomass will be needed to bring the term to 1, whereas smaller h values
will require less plant biomass to approach 1. This functions as the positive feedback observed in
nature, where too few little vegetation will cause the growth rate to be a fraction of the maximal

rate. Alternatively, denser vegetation will cause the growth rate to increase and approach the
. P . . .
maximal rate as —p increases and approaches 1. The inclusion of the temperature dependence

resulted in a modified set of equations:

Modified Model:

EQ4: — =c X X—XP X
Q ot 7 Gmax W+ k, h+P
ow P+ ky, xW,

EQ5: — =ax0—=— 2 X——XP—7,XW + Dy AW,
Q ar ¢ P+k, Imax W+ k, Tw T Pw

£06: 20 _ p_ o o P ke X Wo
Q6: 5 = ¢ P+k,

— d X P + DpAP,

+ Dy AO

In our modified model, the plant growth term is the only term changed. By multiplying

this term by h% , it means the plant growth will be decreased as 4 increases...
Table 1:
Symbol Interpretation Unit Value (or
Range)

P Plant density g/m? —
W Soil water mm —
0O Surface water mm —
h Temperature dependence term 0-1
R rainfall mm/d 0.75-2

13



c conversion of water uptake by plant growth g*mm 1*m 10
Zmax maximum specific water uptake mm*g ! *m?*d-! 0.05
ki half-saturation constant of specific plant mm 5

growth and water uptake
ko saturation constant of water infiltration g/m? 5
d specific loss of plant density due to mortality d-! 0.25
Wo water infiltration rate in the absence of plants — 0.2
I'w specific soil water loss due to evaporation d! 0.2
and drainage
Dp is plant dispersal m?*/d 0.1
Dw diffusion coefficient for soil water m?/d 0.1
Do diffusion coefficient for surface water m?/d 100
o Maximum infiltration rate d! 0.2
Coding the Model:

We ran the model in RStudio using the “ReacTran” package. The array used in the model
was a 100 by 100 array representing a 100m x 100m area. The array was initialized using a
random draw from a uniform distribution between two numbers. We varied the boundaries of the
uniform distribution to create our catastrophic bifurcation graph. The boundaries in out
simulation were set to be closed and reflective boundaries. We also did not include advection, so
our simulations represent a flat surface. We then ran the simulation for the time equivalent 3000
days. We did have a larger model that was a 200 by 200 array and ran for 5000 days. The two
models gave qualitatively the same results in patterns produced, but the smaller model required
significantly less time per simulation making it easier to work with. For these reasons, in this
paper, we focused on only the results produced by smaller models. Although further exploration
with the larger model could be done to explore how patterning behavior may change as the
runtime continues. For each simulation, images of vegetation, ground water, and surface water
distribution at the final day were recorded. Additionally, we took note of the h and R values set
as the precondition, as well as the resulting mean P value (P.mean) in the final days array.

Experimentation with the Model:

14



To experiment with the model, we ran the model at various values of h and R to see how
the patterning changed with increasing dependence on the temperature feedback and at different
rainfall values. We ran simulations with h values ranging from h=0 (original model) to h=1. Our
R values ranged from R=0.75 to R=2. In the unmodified version of the model (h=0), these R
values were the boundaries of patterning, producing uniform bare and uniform grass cover
respectively. We also varied the initial plant biomass to create our catastrophic bifurcation graph.
To do this, we had three different ranges of plant density values where each pixel in our initial
array was a randomly select value within this range. Our three ranges were (0-5), (0-20), and (0-
50). This gave us simulations with the initial conditions used in Liu et al. (2022), as well as
simulations with low and high initial plant biomass.

Results

To analyze the model, we ran it at various values of rainfall (R), temperature dependence
(h), and initial biomass conditions. From these simulations, we were able to determine the effect
of the added temperature dependence to the model. For each run we recorded the average value
of P in the grid at the end of the run and the figure produced at the final timestep showing the
vegetation patterning.

Correlation of h and R to biomass:

To study the relationship between h and R, we plotted the mean biomass of our

simulations against increasing R values when h was kept constant. We did this at three values of

h to see how the graph would change with increased temperature dependence.
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In Figure 2, we observed increased mean biomass as the amount of rainfall increased
with a constant h value. Additionally, we observed overall decreased biomass as we increased the
h value at a constant rainfall. This is because high rainfall and low effect from temperature would
positively impact the growth term in our plant growth equation. For constant h, we found the R
value at which the population of vegetation would go to extinction. This switch point occurred at
higher values of R (greater rainfall) as h increased. Along with this, higher values of h also
appeared to have expanded the area of bistability. Figure 2 show that with no temperature
influence (h=0), the region of bistability is at a lower R value and confined to a smaller range
than those of our simulations with added heat influence. With the addition of the temperature

feedback, simulations where the initial biomass levels were low resulted in desertification until
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higher rainfall values. The figures reflect that with temperature dependence, even at high rainfall
values there is potential for desertification if initial conditions of biomass are too low. This is not
observed without the temperature feedback. With the h value set to 0, the lowest initial biomass
conditions result in a stable vegetation biomass with relatively low rainfall values.

Observed in all three graphs is a kink in increased slope in around R=1.35. The plant
biomass is always increasing, but at this threshold it appears to accelerate the rate at which it is
increasing. Without the inclusion of the temperature feedback, the area of bistability is contained
to an area below this kink (R<1.35), but in both graphs where h has a positive value the area of
bistability expands past this kink. This means that beyond this point of increased slope, the
system is still susceptible to desertification when the temperature feedback is added.
Patterning:

We plotted to resulting pattern figures with axes of R and h to understand how these
variables effected the vegetation patterning behavior. We did this for each of the three
initialization conditions we used. Generally, the ground water and surface water figures had

similar patterns to the vegetation figures, so we have only included the vegetation patterns here.
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Figure 3: Changes to the vegetation patterns as rainfall (x axis) and temperature feedback
influence (y axis) increase with range of initial biomass values set to (0-20). As rainfall
increases, the spacing between vegetation patches decreases until it reaches uniform grass
cover, but pattern then appear to form after this. Higher rainfall requires higher h values to
result in desertification. As h increases and approaches desertification, patterning of the

vegetation changes and appears to become more uniform.
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Figure 4: Changes to the vegetation patterns as rainfall (x axis) and temperature
feedback influence (y axis) increase with range of initial biomass values set to (0-50).
The increased vegetation preconditions result in longer survival of stable vegetation
populations at higher values of h. The higher values of rainfall still create BZ patterns,
but as temperature feedback increases, they revert to fairy rings. This appears to
contradict the increased wavelength in patterning observed with higher values of h
and decreased rainfall.
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Figure 5: Changes to the vegetation patterns as rainfall (x axis) and temperature feedback influence (y axis)
increase with range of initial biomass values set to (0-5). The lower initialization range produced much
drier conditions. With the inclusion of the temperature feedback, much higher rainfall was required for
the population to establish than under the previous conditions. Without the temperature feedback (h=0),
the patterning behaved similarly to the other initial conditions.




We were able to replicate patterns found in other studies that have used versions of the
Klausmeier model without temperature feedback. Specifically, we were able to produce labyrinth
and fairy ring patterns at multiple values of h. These patterns have been observed commonly in
nature and reproduced by models in multiple studies. When our model was run with no
temperature influence (h=0), the sequence of patterning was similar to that found in other
studies. Beginning at the lowest rainfalls and increasing, the patterning sequence order goes
uniform bare soil, spots, stripes (labyrinth), gaps (fairy rings), and lastly uniform vegetation
cover. This sequence indicates that patterning increase as water become more limited in the
system. Due to the added temperature feedback, our model required a higher rainfall constant
than used in the Liu et al. (2022) and Rietkerk et al. (2002) models to produce the same patterns.
This meant the same patterns were observed but found at higher rainfall as h increased.

We also produced some patterns that have not been observed in previous studies. At
higher rainfall values, the simulation produced patterns that we recognized as being similar the
patterns created by Belousov-Zhabotinsky (BZ) reaction. This pattern can be seen in Figures 3,4
ad 5 at R=1.4 and greater. While the ring pattern we found look similar to these patterns formed
in these chemical reactions, there is no movement of the pattern as observed in BZ reaction. The
biomass mean values appears to become constant when these patterns appear, with the same
P.mean value exactly repeating. Other patterns show dampened oscillation around an equilibrium
P.mean value, but does become constant on one exact value.

Another new observation in our model was the pattern behavior around the point of
catastrophic bifurcation. Two behaviors were observed at values of h and R near the switch
point: uniform grassland or rippled pattern. This is best shown in Figure 3, specifically at

R=1.15, R=1.35, and R=1.45. These patterns appear while the biomass is still decreasing as
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approaching the catastrophic bifurcation point. At R=1.15, as h increases, the patterning
transitions from labyrinth to arcing, parallel line that resemble a ripple immediately before the
population collapses. At R=1.35 and R=1.45, the patterning begins as fairy rings, but increasing
h causes the number of fairy rings to decrease approaching uniform vegetation cover. Patterning
appears to stop at the h value just before the transition to population collapse and uniform bare
soil overtakes the system.
Discussion

In this study, we modified periodic vegetation patterning models developed by
HillesRisLambers et al. (2001) and Rietkerk et al. (2004) by including an additional positive
feedback loop. Previous models had accounted for a positive relationship between infiltration
rate and vegetation density, resulting in improved growth conditions in areas of dense vegetation
and worsened growth conditions in bare areas. While this has been attributed as the primary
mechanism for self-organized vegetation patterning, other mechanisms have been identified as
potentially impactful, including a second positive feedback loop correlating local air temperature
to vegetation cover found by Cross et al. (2022). Our model modifies previous models to include
this temperature dependence feedback to understand how this feedback effects the system and
patterning behavior. Our model reproduced some similar results that have been found in previous
spatial vegetation patterning studies but has also produced results that contradict previous
conclusions or has not been mentioned in previous literature.

The expanded region of bistability was only found with the inclusion of a temperature
feedback. Previous studies have used a similar model and plotted the mean vegetation biomass
with increasing rainfall as we did here. In these studies, the graphs produced show a similar

curve and area of bistability as our graph with no temperature feedback (h=0) (Dakos et al.
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2011). Once our model included the temperature feedback, the area of bistability widened
significantly. The general shape of the graph was maintained, with a linear increase in the mean
biomass with a kink and increase in slope. This area of bistability continued to increase as the h
value increased in the model. An increased area of bistabilty has important implication for the
conditions at which the system is vulnerable to collapse. The widened region indicates that even
at higher rainfalls, the system could collapse if the population drops below the allee point.

The expanded area of bistability indicates that with the inclusion of a temperature
feedback, the system remains vulnerable to desertification even at higher levels of rainfall if the
initial conditions of vegetation biomass are low enough. This would change the understanding
how susceptible arid grassland are to desertification, even at higher levels of rainfall. This
indicates there is a greater region of rainfall at which vegetation biomass needs remains at a high
enough value to avoid crossing the critical point. To fully understand the region of bistability,
more simulations of the model would be needed to create more data points. This would need to
be done at more values of h to understand how the influence of temperature causes this region to
change.

Our results also contradict some of the previously observed patterning behaviors in
similar models without the temperature feedback. Across multiple studies, it has been concluded
that lower rainfall conditions resulted in patterns with larger wavelength (Rietkerk et al. 2004).
The observed behavior has been, as aridity increases, from uniform vegetation cover to fairy
rings, labyrinth, spots, and then bare soil (Deblauwe et al. 2011). Our results have shown this
pattern at lower rainfalls, but our model does not reach uniform vegetation cover at higher
rainfalls. At an R value around 1.4, patterns resembling BZ reactions begin to appear. Once

formed, these patterns remain constant in form and P.mean value as time continues forward.
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The R value of 1.4 is located just beyond the of the kink in our graph of R vs P.mean at
constant values of h found at R=1.35 (Figure 1). This kink is an increase in slope of our linearly
increasing vegetation biomass as rainfall increases. This has been created in previous studies that
have used models without temperature feedback (Dakos et al. 2011). In these studies, the kink in
the graph has been identified as Turning instability point where the feedback switches to being
strong enough for pattern formation (Dakos et al. 2011; HilleRisLambers et al. 2001). While
these studies have found that at rainfalls beyond the kink there should be uniform grass cover,
our results were showing patterning.

This could be the result of a couple factors. Firstly, the patterning at higher rainfalls is
variation in amount of grass cover, not variation between bare ground and vegetation. At lower
rainfalls, color variation distinguishes areas of bare soil from vegetation. The patterns formed at
higher rainfalls are representing variation in amount of grass growing in different patches, but
there are likely no bare soil patches. This could be observed as uniform grass cover depending on
the sensitivity of the color pallet used to create the figures. This would explain the reason for the
formation of BZ patterns with no temperature feedback (h=0).

Another factor could be the exclusion of advection from our model. This is an important
difference in our model from previous studies. Advection plays an important role in water
transport in these systems and would change the patterns formed in our model if included.
Adding advection to our current model would be relatively simple, but the analysis would be
beyond the timeframe we have for the project at the moment and is the reason it was excluded
here. This would be an interesting and logical next step for future work on this model.

Another finding of our model that contradicts previous literature is the behavior of

patterning approaching catastrophic bifurcation. Previous papers have found that patterning
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increases as vegetation approaches the catastrophic switch point and in the region of bistability
(Rietkerk et al. 2004). This follows the sequence of self-organized patchiness as rainfall decrease
and the patterns increase wavelength and patchiness until desertification (Rietkerk et al. 2004;
Dakos et al. 2011). This has led to the thought that increased patterning could act as an indicator
of approaching desertification in a system. Previous models have shown, this increased
patterning as rainfall decrease and the system approaches desertification (Rietkirk et al. 2002). In
our model, we were able to reproduce this patterning behavior when temperature dependence
was kept constant.

Our model did not follow this pattern sequence when h was increased, and R remained
constant. With the changes made to our model, the behavior approaching desertification as
temperature dependence increased appears to behave differently. Figure 1 shows that with an
increasing h value, the patterning increases until reaching very close to the switch point of
desertification. Instead of continuing to increase wavelength of patterning, the vegetation appears
to trend towards uniform before desertification occurs. The mean biomass is still decreasing in
the system as it gets closer to desertification, but the patterning appears more uniform. The lack
of pattern contradicts previous literature that have found pattern formation to be an indicator of
approaching desertification. These results suggest the contrary, and the absence of patterning as h
increases seems to indicate desertification. further analysis of the model to reach a conclusion.

These results could have a similar explanation as the unexpected patterns found at higher
rainfall values. The color pallet used for the figures could be unable to detect subtle patterning
occurring as vegetation biomass is decreasing and approaching desertification. This is unlikely,
as the color pallet used in out model, “terrain.color” generates a vector of contiguous colors. This

should show subtleties in patterning because it is not fixed and will adjust differential in the
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array. Additionally, the addition of advection could change the patterning in these simulations.
While these explanations could change the images produced, it is unlikely to create patterns in
our results. The color pallet used to create the figures was able to detect variation further away
from the desertification switch point. This means that if it is unable to detect variation at these
conditions, the patterning is still decreasing as the system is approaching catastrophic
bifurcation. Thus, even if there is subtle patterning, this would not follow the previously
understood sequence of patterning in these systems. The addition of advection is likely to change
the patterning that appears and would require further study to analyze. But advection unlikely to
increase the wavelength of the patterning as it approaches desertification, which has been the
previously observed behavior.

The inclusion of a temperature feedback appears to have changed the dynamics of the
system, resulting in changed patterning behavior. Patterning is specifically behaving differently
at the extreme ends of the system: very high and low biomass. The change in patterning at very
low biomasses and approaching desertification could be related to the increased region of
bistability mentioned above. If the system is more vulnerable to desertification because of the
temperature feedback, this may change the sequence which the patterns appear.

Conclusion

Our study explored how the inclusion of an additional feedback loop dependent on
temperature would affect vegetation patterning and growth in arid grassland ecosystems. Our
model found that the introduction of this feedback effected the stability of the system and
changed the behavior of the patterning sequence. While the general plant growth trends of our
catastrophic bifurcation graphs were similar when the temperature feedback, the area of

bistability was greatly widened because of the new feedback. This result implies that systems
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which have this feedback may be more vulnerable to desertification, even at high rainfalls. This
would change the understanding of the stable conditions and the population thresholds required
for vegetation to establish in arid systems.

Our results also focused on the vegetation patterning and how the patterning changes as
temperature dependence and rainfall change. While our model replicated patterning results found
in previous studies, it also produced patterns contradicting previous conclusions. The previously
held notion that patterning transitions to uniform grass cover at high rainfalls was contradicted
by the rippled patterns resembling BZ patterns that appear in our model when R surpasses the
1.45 value. Additionally, the use of patterning as an early warning of approaching desertification
has been hypothesized in multiple papers, but our model seems to contradict as well. At multiple
rainfall values, as the h value increases and the system approaches collapse, patterning appears to
decrease and approach uniform grass cover just before reaching the switch point of collapse. The
addition of the temperature feedback appears to have affected the stability and patterning
sequence in our model. This indicates that in systems influenced by this feedback may behave
differently than those with only the infiltration feedback loop, potentially changing our
understanding of self-organized vegetation pattering in arid grasslands.

Comparison of previous studies to our results indicate more research can be done to look
at how the addition of a temperature feedback is affecting this system and the patterning. Firstly,
the addition of advection would allow for more directly comparable work to previous studies.
This would be the next step in continuing to build on this model and better understand how the
temperature feedback is changing its behavior. This would provide more similarities to previous
models and allow for a more useful comparison to prior research. Another area that would

require further analysis, is the mathematics behind the formation of the BZ patterns. We were
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unable to determine why they appear and what it might indicate, but a more focused study may
be able to better understand. While these patterns have not been observed in arid grassland
ecosystems, it is a pattern observed in nature and could be an interesting connection to explore
deeper. Similarly, the patterns and uniformity observed approaching the point of catastrophic

bifurcation would an interesting exploration to understand that behavior.
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Appendix

1. RStudio code for simulation of plant growth, and water redistribution on a flat surface
with infiltration and temperature positive feedbacks:

library(ReacTran)

#setting up the grid

#400*400 meters, 200*200 elements

Nx<-100

Ny<-100

Grid.x<-setup.grid. 1 D(x.up=0,x.down = 200, N=Nx) #subdivided domain in x direction of 0 to
400 into 200 segments

Grid.y<-setup.grid.1D(x.up=0,x.down = 200, N=Ny)#subdivided domain in y direction of 0 to
400 into 200 segments ..

# please note that we combine the two grids inside the "function" for the whole system ... where
the diferential functions are defined

#Defining the diffusion coefficients for plant spread and surface and ground water redistribution
D P<-0.1#m"2/d

D W<-0.1#m"2/d

D O<-100#m"2/d

#Parameters

c<-10 #conversion of water to plant biomass

g max<-0.05 # max water uptake

k1<-5 #half saturation of water uptake

k2<-5 #saturation constant of the water infiltration
WO0<-0.2 #water infiltration rate in the absence of plants
rw<-0.2 #specific soil water loss due to evap/drainage

a <-0.2 #max infiltration rate

#temperature dependence on growth
h<-0.3 #mess with this

#rainfall
R<-1.0 #mess with this
d <- 0.25 #ranges from 0 to .5, mortality #0.25 originally

#Some parameter values based on literature tested with h=0:
#R=0.75 for spots... all plants are dead

#R= 1.0 Labyrinth....YES

#R=1.25 Fairy rings/gaps ---OK

#R= 1.0 Bands with periodic boundary

#Defining the system of partial diffential equations
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modell<-function(t,y,parms){
P<-matrix(nrow=Nx,ncol=Ny,data=y[1:(Nx*Ny)])
W<-matrix(nrow=Nx,ncol=Ny,data=y[(Nx*Ny+1):(2*Nx*Ny)])
O<-matrix(nrow=Nx,ncol=Ny,data=y[(2*Nx*Ny+1):(3*Nx*Ny)])
dP.dt<-c*g max*(W/(W+kl1))*P*(P/(h+P))-d*P+
tran.2D(C=P, D.x=D P, D.y=D P, flux.x.up=0, flux.x.down=0, flux.y.up=0,flux.y.down=0,
dx=Grid.x, dy=Grid.y)$dC
dW.dt<-a*O*((P+k2*WO0)/(P+k2))-g_max*(W/(W+kl1))*P-rw*W+
tran.2D(C=W, D.x=D_ W, D.y=D W, flux.x.up=0, flux.x.down=0, flux.y.up=0,flux.y.down=0,
dx=Grid.x, dy=Grid.y)$dC
dO.dt<-R-a*O*((P+k2*WO0)/(P+k2))+
tran.2D(C=0, D.x=D_ O, D.y=D O, flux.x.up=0, flux.x.down=0, flux.y.up=0,flux.y.down=0,
dx=Grid.x, dy=Grid.y)$dC
list(c(dP.dt,dW.dt,dO.dt))
b
#Initial conditions:
P.ini<-matrix(nrow=Nx, ncol=Ny, data=runif(Nx*Ny,0,20)) #mess with this
W.ini<-matrix(nrow=Nx, ncol=Ny, data=runif(Nx*Ny))
O.ini<-matrix(nrow=Nx, ncol=Ny, data=runif(Nx*Ny))

y.ini<-c(P.in1,W.in1,0.1ni)

#y.ini<-out.result

times<-seq(from=0, to=3000, by=1)

#Take 3000 times based on the paper: this model aims to be a replicate of the model that's being
implemented on the

#times<-seq(from=0, to=30000, by=100) # try this time step

# running the model
system.time(out<-ode.2D(y=y.ini, parms=NULL, times=times, func=modell, nspec=3,
dimens=c(Nx,Ny),
lrw=1e8,names=c("P","W","Q")))
#nspec: the number of the species in the model
#lrw: the length of the workspace

dim(out) #3001 30001
#Plant(P): 1:10000

#Soil water(W): 10001:20000
#Surface water(O): 20001:30000

#Result

out.2<-out[3000,]
out.result<-out.2[2:30001]
out.P<-out.result[1:10000]

out. W<-out.result[ 10001:20000]
out.O<-out.result[20001:30000]
mean(out.P)
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h

R

a.P<-matrix(data=out.P,nrow=Nx,ncol=Ny)

image(a.P, col=rev(terrain.colors(30000)), main=paste("h:", h, "R:", R, "init:(0-20)"))
a.W<-matrix(data=out. W,nrow=Nx,ncol=Ny)

image(a.W, col=rev(topo.colors(12000)))
a.0<-matrix(data=out.O,nrow=Nx,ncol=Ny)

image(a.O, col=rev(topo.colors(12000)))

2. Site Description:

The site our model was based on is located near Hanover in El Paso County, Colorado at
Chico Basin Ranch. The ecosystem at this site is an arid, high plains, shortgrass steppe where
vegetation patterning has been observed and studied. At the site, the dominant grass species is
blue grama (Bouteloua gracilis). Other plants found at the site include buffalograss (Bouteloua
dactyloides), needle-and-thread (Hesperostipa comata), Russian thistle (Kali tragus), and cacti
such as tree cholla (Cylindropuntia imbricata) and plains prickly pear (Opuntia polyacantha)
(Cross et al., 2022). The 30-year annual average precipitation in this area is 12.04 inches, with
monthly average precipitation peaking in August at 2.11 inches. The average temperature at the
site is 74.8°F, with a minimum temperature of 59.4°F and a maximum temperature of 90.2°F
(Pueblo NWS).

Periodic patterns containing alternating patches of densely vegetated blue gramma and
patches of bare soil have emerged at this site in the past 8 years (Sticpewich et al., 2021). This
has observed along with an overall decline in blue gamma cover, decreasing cover in shortgrass
habitats by 62% since 1999 (Rondeau et al., 2016). This has been the result of severe drought
and increased temperatures that have been recorded over the past 15 years at Chico Basin Ranch

(Sticpewich et al., 2021). This decline in blue gamma cover has major implications for the future

of the local ecosystem and economy. The potential for catastrophic population collapse would
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greatly affect the ranching industry in the area, as blue gramma is one of the most nutritionally
dense food-sources for the cows of Chico Basin Ranch (Rondeau et al., 2016).

Cross et al. (2022) observed a positive feedback loop at this site, which correlated local
air temperature to vegetation density. This study found that patches of densely vegetated blue
gramma were cooler than areas of bare soil by approximately 4.8°C. These findings indicate the
evapotranspiration of blue gramma cools local air temperature to a condition that supports

growth, whereas areas without vegetation are too hot for vegetation to grow.
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